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Abstract The Baer’s theorem in the termes of the Lie algebras states that
for a Lie algebra L the finiteness of dim(L/Zi(L)) implies the finiteness of
dim(γi+1(L)) for all non negative integers i. Let (N,L) denote a pair of Lie
algebras, where N is an ideal of L, and di = di(L) denote the minimal number
of generators of L/Zi(N,L) for all non negative integers i. In this paper, we
consider the pair (N,L) and show that if dn is finite, then the converse of
Baer’s theorem is true. In fact, we shall show that if for all i ≥ n, dn and
dim(γi+1(N,L)) are finite, then N/Zi(N,L)) is finite. In particular, we give
an upper bound as following,

dim(
N

Zi(N,L)
) ≤ ((dn)

ndndn+1 . . . di−1)dim(γi+1(N,L))

≤ (dn)
i(dimγi+1(N,L))

for all non negative integers i.
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1 Introduction

Let G be an arbitrary group and let Zn(G) denotes the (n + 1)-th term of
the upper central series of G, and γn(G) denotes the n-th term of the lower
central series of G. A basic theorem of Schur (see [8, 10.1.4]) asserts that if the
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center of the group G has finite index, then the derived subgroup of G is finite.
Moreover, some bounds for the order of the derived subgroup in terms of the
index of the center were given by several authors in [1–3,6,7,9,10]. Thence
finding some conditions under which the converse of Schur’s theorem holds,
have been interesting in several papers. For example B. H. Neumann [6] proved
that G/Z(G) is finite if γ2(G) is finite and G is finitely generated. This result
is generalized in [7] by proving that G/Z(G) is finite if γ2(G) is finite and
G/Z(G) is finitely generated. One of the naturally raised questions concerns
the existence of a generalization to higher terms of the upper and lower central
series. Concerning this question, R. Baer (see for example [8, 14.5.1]) proved
that, if G/Zi(G) is finite, then γi+1(G) is finite for all non negative integers
i. Now it is interesting that, whether the converse of Baer’s theorem is true?
P. Hall [4] presented a partial answer to the last question. He proved that:
if γi+1(G) is finite, then G/Z2i(G) is finite, More precisely, he proved that
finite-by-nilpotent groups are nilpotent-by-finite. Recently, it has been shown
that the converse of Baer’s theorem is true provided that G/Zi(G) is finitely
generated in [3]. Let L be a Lie algebra over a fixed field Λ and Zc(L) and
γc+1(L) be the c-th term of upper central series and (c + 1)-th term of lower
central series of L, respectively. Analogue to Schur’s theorem, Maneyhum [5]
in 1994 proved that if dim(L/Z(L)) = n, then dim(L2) ≤ n(n − 1)/2. Also,
Baer’s theorem was experessed by Salemkar and et al. intermes of Lie algebras
[9]. Indeed, they proved that if L/Zc(L) is finite dimensional, then γc+1(L) is
finite dimensional too, we will menthion to it as Baer’s theorem. Arabyani and
saeedi [2] showed that when γ2(L) = L2 is finite dimensional and L/Z(L) is
finitely generated, then L/Z(L) is finite dimensional. Also Arabyani et al.[1]
established an upper bound for the dimension of L/Zn(L), when γc+1(L) is
finite dimensional and L/Zn(L) is finitely generated. They showed that

dim(L/Zn(L)) ≤ dn(dim(γc+1(L))),

where d is the minimal number of generators of L/Zn(L). Let (N,L) be a pair
of Lie algebras, where N is an ideal of L. Consider a series of ideals of N as
follows:

N = [N,0 L] = γ1(N,L) ⊇ γ2(N,L) ⊇ γ3(N,L) ⊇ · · · ⊇ γn+1(N,L) ⊇ · · · ,

where γn+1(N,L) = [N,n L] = [[N,n−1 L], L], for a positive integer n. We call
such a series the lower central series of N in L. We say that a pair (N,L)
of Lie algebras is nilpotent if it has a finite lower central series. The shortest
length of such series is called the nilpotency class of the pair (N,L).
Similarly, we may define the upper central series of N in L as follows:

0 = Z0(N,L) ⊆ Z1(N,L) ⊆ · · · ⊆ Zm(N,L) ⊆ · · · ,

where Z(N,L) = Z1(N,L) = {n ∈ N |[n, l] = 0, ∀l ∈ L} and for a positive
integer m,

Zm(N,L)

Zm−1(N,L)
= Z(

N

Zm−1(N,L)
,

L

Zm−1(N,L)
).
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We denote [x1, x2, . . . , xm] = [[x1, x2, . . . , xm−1], xm], where x1, x2, . . . , xm are
elements of a Lie algebra. Now, as a simple consequences we mention that:

Zm(N,L) = {n ∈ N |[n, l1, · · · , lm] = 0, l1, · · · , lm ∈ L},

and (N,L) is nilpotent of class at most c if and only if Zc(N,L) = N . It is easy
to see that γn+1(N,L) = γn+1(L) and Zn(N,L) = Zn(L), when N = L. In this
paper, we shall consider a pair of Lie algebras (N,L) and give an affirmative
answer to the mentioned questions under some conditions, which generalize
some important results of [1,2,10] and give a partial converse of Baer’s theorem
in terms of Lie algebra [9]. Let we denote by d0 = d0(L) = d(L), the minimal
number of the generators of L, and let di = di(L) = d(L/Zi(N,L)) for all
non negative integers i. Our main result is Theorem 1, which states that the
finiteness of dn(L) and dim(γi+1(N,L)) implies the finiteness of dim( N

Zi(N,L) ),
where i ≥ n. Furthermore, it provides an upper bound for dim( N

Zi(N,L) ) in
terms of dim(γi+1(N,L)). We may use this method to class of groups, which
generalize the main results of [3,4,6,7].

2 Some preliminary results on pair of Lie algebras

We start by some preliminaries results which states some relations between
the terms of the upper and lower central series of the pair(N,L).

Lemma 1 Let (N,L) be a pair of Lie algebras. Then Zn(N,L) = N ∩Zn(L).

Proof Let x be an element of L, then x is an element of Zn(N,L) if and only
if x ∈ N and for all elements t1, · · · , tn of L, [x, t1, · · · , tn] = 0 in turns if and
only if x ∈ N ∩ Zn(N).

Proposition 1 Let (N,L) be a pair of Lie algebras and let M be an ideal of
L with M ⊆ N and i, j ≥ 1 are integers. Then we have

i) γi(γj(N,L), L) ≤ γi+j−1(N,L);

ii) γi(
N
M , L

M ) = γi(N,L)+M
M .

Proof The results follow by using induction on i.

Lemma 2 Let (N,L) be a pair of Lie algebras. Then the following statements
hold.

(i) γn(
N

Zi(N,L) ,
L

Zi(N,L) )
∼= γn(N,L)+Zi(N,L)

Zi(N,L) ;
(ii) γn(N,L) ≤ γn(L) ≤ CL(Zn(L));

(iii) N+Zi(L)
(N+Zi(L))∩Zn(L)

∼= N
N∩Zn(L) ,

where i ≤ n.

Proof (i) is obtained by Lemma 1 and Proposition 1. Statements (ii) and (iii)
are straightforward.
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Now we may mention a key lemma which will be used in proving the Main
Theorem. We denote CM (x) = {y ∈ M |[x, y] = 0}, where M is an ideal of L
and x ∈ L.

Lemma 3 Let (N,L) be a pair of Lie algebras. If dn and dim(γi+1(N,L)) are
finite, where i ≥ n. Then

dim(γi(
N

Z(N,L)
,

L

Z(N,L)
)) ≤ dn(dim(γi+1(N,L))).

Proof Let m = dn(L) and L = 〈x1, x2, . . . , xm, Zn(N,L)〉. Since γi+1(N,L) =
[γi(N,L), L] is a finite dimensional Lie algebra, we have

dim(
γi(N,L)

Cγi(N,L)(xj)
) ≤ dim(γi+1(N,L)) < ∞,

where j = 1, 2, . . . ,m. On the other hand, by using Lemma 2(ii), we have

γi(N,L) ∩ Z(N,L) = γi(N,L) ∩N ∩ Z(L)

=

m∩
j=1

(CL(xj) ∩ γi(N,L)) =

m∩
j=1

Cγi(N,L)(xj).

Now it follows from Lemma 2(i) that

dim(γi(
N

Z(N,L)
,

L

Z(N,L)
)) = dim(

γi(N,L) + Z(N,L)

Z(N,L)
)

= dim(
γi(N,L)

γi(N,L) ∩ Z(N,L)
) = dim(

γi(N,L)
m∩
j=1

Cγi(N,L)(xj)

)

≤
m∑
j=1

dim(
γi(N,L)

Cγi(N,L)(xj)
) ≤ m(dim(γi+1(N,L))).

Let (N,L) be a pair of Lie algebras such that d1 and dim(γ2(N,L)) are finite,
and L = 〈l1, l2, · · · , ld1 , Z(N,L)〉. Then define

f : N
Z(N,L) −→

d1∑
i=1

Img(adli)

n 7−→ ([n, l1], [n, l2], · · · , [n, ld1
]),

where adli is a derivation of L which maps x into [x, li]. Now, one can easily see
that f is a well defined injection map, which provides a proof for the following
consequence of Lemma 3.

Corollary 1 If d1 and dim(γ2(N,L)) are finite. Then dim(N/Z(N,L)) is
finite and dim(N/Z(N,L)) ≤ d1(dim(γ2(N,L))).
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We should point out that the case N = γi(L) in the above corollary provides
a partial converse of Baer’s theorem in terms of Lie algebras [9], as following.

Corollary 2 If d1 and dim(γi+1(L)) are finite. Then L/Zi(L) is finite for all
non negative integers i.

Salemkar and Mirzaei [10] proved that if L is a finitely generated Lie algebra,
then L/Zn(L) is finite dimensional if and only if γn+1(L) is finite dimensional.
In the following result we generalize this result.

Proposition 2 Let (N,L) be a pair of Lie algebras. If dim(γn+1(N,L)) and
d0 are finite. Then dim( N

N∩Zn(L) ) is finite. Moreover
dim( N

N∩Zn(L) ) ≤ d0d1 · · · dn−1(dim(γn+1(N,L)))≤ dn0 (dim(γn+1(N,L))).

Proof It follows from Lemma 3 that

dim(γn(
N

Z(N,L)
,

L

Z(N,L)
)) ≤ d0(dim(γn+1(N,L))).

Since d1 is finite, by applying Lemma 3 on the pair ( N
Z(N,L) ,

L
Z(N,L) ), one

may easily see that

dim(γn−1(
N

Z2(N,L)
,

L

Z2(N,L)
)) ≤ d0d1(dim(γn+1(N,L))).

Continuing this process, we have,

dim(
N

N ∩ Zn(L)
) = dim(γ1(

N

Zn(N,L)
,

L

Zn(N,L)
))

≤ d0d1 · · · dn−1(dim(γn+1(N,L))).

The last inequality will obtain from this fact that d0 ≥ d1 ≥ · · · ≥ dn−1.

3 Main results

In the following result we generalize Proposition 2 to higher terms of central
series of pair (N,L).

Theorem 1 Let (N,L) be a pair of Lie algebras such that dim(γi+1(N,L))
and dn(L) are finite, where i ≥ n. Then dim(N/Zi(N,L)) is finite and

dim(N/Zi(N,L)) ≤ dnndndn+1 . . . di−1dimγi+1(N,L) ≤ (dn)
idim(γi+1(N,L)).

Proof It is evident that dn(L) = dn−1(L/Z(N,L)) = · · · = d0(L/Zn(N,L)).
So frequently applying of Lemma 3, implies that:

dim(γi−n+1(
N

Zn(N,L)
,

L

Zn(N,L)
))

≤ dn(dim(γi−n+2(
N

Zn−1(N,L)
,

L

Zn−1(N,L)
)))
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≤ · · · ≤ dnn(dim(γi+1(N,L))).

Now since d0(L/Zn(N,L)) is finite, we have

dim(

N
Zn(N,L)

Zi−n(
N

Zn(N,L) ,
L

Zn(N,L) )
) = dim(

N

Zi(N,L)
)

≤ t(dim(γi−n+1(
N

Zn(N,L)
,

L

Zn(N,L)
))),

where t = do(
L

Zn(N,L) )d1(
L

Zn(N,L) ) · · · di−n−1(
L

Zn(N,L) ), by Proposition 2. It is
easy to see that t = dn(L)dn+1(L) . . . di−1(L). Therefore we have

dim(
N

Zi(N,L)
) ≤ t(dn)

ndim(γi+1(N,L)) ≤ (dn)
i(dim(γi+1(N,L))),

which completes the proof.

The following result is an immediate consequence of Theorem 1.

Corollary 3 Let (N,L) be a pair of Lie algebras. If dim(Zn(N,L)) and dn
are finite, then dim(Zi(N,L)) is finite, for all positive integers i.

Proof There is nothing to prove when i ≤ n. So we suppose that i > n and
dim(Zi−1(N,L)) is finite. Then dim(γ2(Zi(N,L), L)) is finite and so is

dim(γ2(
Zi(N,L)

Zn−1(N,L)
,

L

Zn−1(N,L)
)).

Now it is easy to check that L/Zn−1(N,L) satisfies all the assumptions of
Theorem 1, therefore dim(Zi(N,L)/Zn(N,L)) is finite, and so dim(Zi(N,L))
is finite, as required.

It is easy to see that all of our results are true for a pair (N,G) of groups,
where N is a normal subgroup of G. The previous corollary has an interesting
consequence in finitely generated nilpotent groups, which states that the center
of a finitely generated nilpotent group controls the whole group.

Corollary 4 Let G be a finitely generated nilpotent group. G is finite if and
only if Z(G) is finite.

Also one can easily see that the last corollary may be extended as following.

Corollary 5 Let G be a nilpotent group of class c and let G/Zn(G) be finitely
generated, where 1 ≤ n < c. Then G is finite if and only if Zn(G) is finite.
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