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Abstract Baer has shown that, for a group G, finiteness of G/Zi(G) implies
finiteness of γi+1(G). In this paper we will show that the converse is true
provided that G/Zi(G) is finitely generated. In particular, when G is a finite
nilpotent group we show that |G/Zi(G)| divides |γi+1(G)|d′

i(G), where d′i(G) =
(d( G

Zi(G) ))
i.
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1 Introduction

Let G be an arbitrary group. Let Zn(G) denotes the (n + 1)-th term of the
upper central series of G , and γn(G) denotes the n-th term of the lower
central series of G. A basic theorem of Schur (see [3, 10.1.4]) asserts that if the
center of the group G has finite index, then the derived subgroup of G is finite.
Moreover, some bounds for the order of the derived subgroup in terms of the
index of the center were given by some authors, The best bound was given
by Wiegold [4]. Thence finding some conditions under which the converse of
Schur’s theorem holds, have been interesting for some authors. There has been
attempts to modify the statement and get conclusions. Some authors studied
the situation under some extra conditions on the group. For example B. H.
Neumann [1] proved that G/Z(G) is finite if γ2(G) is finite and G is finitely
generated. This result is recently generalized by P. Niroomand [2] by proving
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that G/Z(G) is finite if γ2(G) is finite and G/Z(G) is finitely generated. Now
it raises various questions:

Question 1 Is there a generalization to higher terms of the upper and lower
central series?

For generalizing to higher terms of the upper and lower central series, R. Baer
(see for example [3, 14.5.1]) has proved that, if G/Zi(G) is finite, then γi+1(G)
is finite.

Question 2 Whether the converse of Baer’s Theorem is true?

P. Hall (see for example [3, 14.5.3]) has proved a partial converse of Baer’s
theorem, that is, if γi+1(G) is finite, then G/Z2i(G) is finite, thus proving that
finite-by-nilpotent groups are nilpotent-by-finite. In this paper, as Theorems
3 and 4 show, we will give an affirmative answer to Question 2 under some
conditions. In fact we will generalize the result of P. Niroomand and prove
that finiteness of G/Zi(G) is equivalent to finiteness of γi+1(G) provided that
G/Zn(G) is finitely generated for some integers n ≤ i.

2 Results

Let we start with the following interesting and useful result of Baer.

Theorem 1 (Baer, 14.5.1 of [3]) If G is a group such that G/Zi(G) is
finite. Then γi+1(G) is finite.

Theorem 2 Let G be a finitely generated group. γi+1(G) is finite if and only
if G/Zi(G) is finite.

Proof Let a ∈ G, since γi+1(G) = [γi(G), G] is finite, the set of conjugates
{ab : b ∈ γi(G)} is finite, so Cγi(G)(a) has finite index in γi(G). Since G is

finitely generated, γi(G)

(γi(G)
∩

Z(G))
is finite. Hence γi(G)Z(G)

Z(G) = γi(G/Z(G)) is

finite. So by induction G/Z(G)
Zi−1(G/Z(G)) is finite, and then G/Zi(G) is finite. Now

Theorem 1 completes the proof.

The following result generalizes the main theorem of [2] to higher terms of the
upper and lower central series, with the same conditions.

Theorem 3 Let G be a group and let G/Z(G) be finitely generated. Then
γi+1(G) is finite if and only if G/Zi(G) is finite.

Proof By theorem 1, we should prove the sufficient. If i = 1, then the main the-
orem of [2] implies the result. Let i > 1 and G/Z(G) = ⟨x1Z(G), . . . , xnZ(G)⟩.
As the proof of theorem 2, Cγi(G)(a) has finite index in γi(G) for any a ∈

G. Since Z(G) =
n∩

i=1

CG(xi),
γi(G)

(γi(G)
∩

Z(G))
is finite. Hence (γi(G)Z(G))

Z(G) =

γi(G/Z(G)) is finite. Now G/Z(G)
Z(G/Z(G)) =

G
Z2(G) is finitely generated so by induc-

tion (G/Z(G))
Zi−1(G/Z(G)) is finite, and then G/Zi(G) is finite.
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Lemma 1 Let G be a group. Then γn(G) ≤ CG(Zn(G)), where n is a positive
integer.

Proof It is an immediate consequence from 5.1.11 of [3].

Lemma 2 Let G be a group and let G/Zn(G) be finitely generated, where n
is a positive integer. Then γn+1(G) is finite if and only if G/Zn(G) is finite.

Proof If n = 1, then the result follows from Theorem 3. Now let n ≥ 2 and
G/Zn(G) = ⟨x1, x2, . . . , xm⟩. Then we have G = ⟨x1, x2, . . . , xm, Zn(G)⟩ and

Z(G) =

m∩
i=1

CG(xi)∩CG(Zn(G)). Since γn+1(G) = [γn(G), G] is finite, the set

of conjugates {ab : b ∈ γn(G)} is finite, so Cγn(G)(a) has finite index in γn(G),

for any a ∈ G. Now Lemma 1 implies that γn(G)∩Z(G) =
m∩
i=1

(CG(xi)∩γn(G)).

Therefore γn(G)/γn(G) ∩ Z(G) is finite. It follows that γn(G/Z(G)) is finite.
So by induction G/Zn(G) is finite. Now the proof is completed by theorem 1.

The following result is an interesting partially answer to the question whether
the converse of Baer’s Theorem is true.

Theorem 4 Let G be a group and let G/Zn(G) be finitely generated, where n
is a positive integer. Then γi+1(G) is finite if and only if G/Zi(G) is finite,
for all positive integers i ≥ n.

Proof We argue by induction on i. If i = n, then the result follows from
Lemma 2. Now let i > n, then Lemma 1 implies that γi(G) ≤ CG(Zn(G)). In
the same way of the proof of Lemma 2, we obtain that γi(G)/(γi(G)∩Z(G)) ∼=
γi(G)Z(G)/Z(G) is finite. So γi(G/Z(G)) is finite. Since G/Z(G)

Zn(G/Z(G))
∼= G/Zn+1(G) ∼=

G/Zn(G)
Zn+1(G)/Zn(G) is finitely generated, by induction we have G/Z(G)

Zi−1(G/Z(G)) is finite.

Consequently G/Zi(G) is finite. The converse follows from Theorem 1.

In the following we denote by d(X), the minimal number of the generators of
a group X. Let di(G) = d(G/Zi(G)) for any group G, and d′i(G) = (di(G))i.

Lemma 3 Let G be an arbitrary group and let n be a positive integer such
that dn(G) and γn+1(G) are finite. Then |γn(G/Z(G))| ≤ |γn+1(G)|dn(G).

Proof If n = 1, then it follows from the main theorem of [2] that |G/Z(G)| ≤
|γ2(G)|d1(G). Let n ≥ 2, m = dn(G) and G/Zn(G) = ⟨x1, x2, . . . , xm⟩. Now
as the proof of Lemma 2, Cγn(G)(a) has finite index in γn(G), for any a ∈ G.
Hence Lemma 1 implies that:

γn(G) ∩ Z(G) =

m∩
i=1

(CG(xi) ∩ γn(G)) =

m∩
i=1

Cγn(G)(xi).

It follows that:

|γn(G/Z(G))| = [γn(G) : γn(G) ∩ Z(G)] = [γn(G) :
m∩
i=1

Cγn(G)(xi)]
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≤
m∏
i=1

[γn(G) : Cγn(G)(xi)] ≤ |γn+1(G)|m.

The following Theorem shows that the index |G : Zn(G)| can be bounded in
terms of |γn+1(G)|d′

n(G).

Theorem 5 Let G be an arbitrary group and let n be a positive integer such
that dn(G) and γn+1(G) are finite. Then |G/Zn(G)| ≤ |γn+1(G)|d′

n(G).

Proof Let m = dn(G) and let 0 ≤ j ≤ n be an integer. It is easy to see that
m = dn(G) = dn−1(G/Z(G)) = · · · = dn−j(G/Zj(G)).

Now by frequently using of Lemma 3 we have
|γn(G/Z(G))| ≤ |γn+1(G)|dn(G);

|γn−1(G/Z2(G))| ≤ |γn(G/Z(G))|dn−1(G/Z(G));
...

|γn−j(G/Zj+1(G))| ≤ |γn+1−j(G/Zj(G))|dn−j(G/Zj(G)).
Therefor we have
|G/Zn(G)| = |γ1(G/Zn(G))| ≤ |γ2(G/Zn−1(G))|m ≤ · · · ≤ |γn+1(G)|d′

n(G).

Now let p be a prime number andG a p-group. Since |G/Zn(G)| and |γn+1(G)|d′
n(G)

are powers of p, Theorem 5 implies that |G/Zn(G)| divides |γn+1(G)|d′
n(G).

therefor we have the following result.

Corollary 1 Let n be a positive integer, p a prime and G an p- group such
that dn(G) and γn+1(G) are finite. Then |G/Zn(G)| divides |γn+1(G)|d′

n(G).

Let G be a finite nilpotent group. Then G = P1 × · · · × Pk where, Pi, 1 ≤
i ≤ k is Sylow pi-subgroup of G and pi is a prime. It is known that Zi(G) =
Zi(P1) × Zi(P2) × · · · × Zi(Pk) and γi(G) = γi(P1) × γi(P2) × · · · × γi(Pk).

By using of Corollary 1 we conclude that |G/Zi(G)| =
k∏

i=1

|Pi/Zi(Pi)| divides

k∏
i=1

|γi+1(Pi)|d
′
i(Pi). Therefore we show that:

Corollary 2 Let G be a finite nilpotent group and let n be a positive integer
such that dn(G) and γn+1(G) are finite. Then |G/Zn(G)| divides |γn+1(G)|d′

n(G).

In the following result we generalize the Corollary 2 for other terms.

Corollary 3 Let G be a nilpotent group and let n be a positive integer such
that dn(G) and γn+1(G) are finite, then |G/Zn+j(G)| divides |γj+1(G)/(Zn(G)∩
γj+1(G)|d

′
j(G/Zn(G)), where j is a positive integer.

Proof By Theorem 5, G/Zn(G) is finite nilpotent group. Now we may apply
corollary 2, for G/Zn(G) and j instead of G and n, respectively. Then the
result follows.

The following example shows the finiteness conditions on the Theorem 5 is
necessary.
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Example 1 Let G be a group with generators xj , yj , j > 1 and z, subject to the

relations xp
j = ypj = zp

i

= 1, [xl, xj ] = [yl, yj ] = 1, for k ̸= j, [xk, yj ] = 1, and

[xj , yj , t1, . . . , tr] = zp
r

where ts ∈ {xj , yj} for s = 1, . . . , r and 0 ≤ r ≤ i− 1.

Then Zi(G) = ⟨z⟩ and γi+1(G) = ⟨zpi−1⟩, but G/Zi(G) is infinite.
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