Global Analysis and Discrete Mathematics
Volume x, Issue x, pp. Xx—Xx

ISSN: 2476-5341

An Extension of Order Bounded Operators

Kazem Haghnejad Azar - Sajjad
Ghanizadeh Zare - Somayeh Hazrati

Received: 23 January 2024 / Accepted: 19 August 2028

Abstract Let E be a normed lattice and an g-order dense majorizing sublat-
tice of a vector lattice E*. We extend the norm of E to E!, denoted by ||.||s.
The pair (E*,|.||;) forms a normed lattice and preserves certain lattices and
topological properties whenever these properties hold in E. As a consequence,
every positive linear operator defined on a normed lattice E has a linear exten-
sion to E?. This manuscript provides an explicit formula for these extensions.
The extended operator T7 is a lattice homomorphism from E? into F, and it
belongs to L, (E!, F) whenever 0 < T € L,(E,F) and T(z ANy) = Tx ATy
for all 0 < z,y € E. Furthermore, if T € L,(E, F) and certain lattice and
topological properties hold for T, then T? € £,(E*, F') will also preserve these
properties.
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1 Introduction

A vector sublattice E of vector lattice G is said to be order dense in G whenever
for each 0 < = € G there exists some y € F with 0 < y < z and F is generalized
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order dense (g-order dense) in G whenever for each 0 < 2 < z in G there exists
some y € E with 0 < z <y < z. It is clear that each g-order dense subspace is
order dense, but the converse not holds. For example, cg is order dense in £*°,
but is not g-order dense. Let us say that a vector subspace E of an ordered
vector space G is majorizing of G whenever for each x € G there exists some
y € E with x < y. Let E be a normed lattice that is both g-order dense and
majorizing in a vector lattice E'. It is possible to extend the norm from F
to Et. In this paper, we investigate the method of this norm extension and
demonstrate that certain lattice and topological properties can be carried over
from E to E*. Now, suppose T is a positive order bounded operator from a
normed lattice E to a Dedekind complete normed lattice F. Then, there exists
a linear operator 7% from E! to F that extends 7, and furthermore, we have
IT]| = |IT"]]. In Section 1.2 of [2], the authors studied some new extensions of
operators on vector lattices. In [3], Onno van Gaans introduced and studied
a generalization of the notion of a seminorm on a directed partially ordered
vector space. In this paper, we investigate this problem in a different way and
extend some results to the general case.

Let E be a normed lattice and a sublattice of GG, and assume that E is
order dense and majorizing in a vector lattice E! that is a subset of G. The
motivations of this manuscript are as follows:

1. We can extend the norm from E to E! as follows: For any z € Ef, we
define ||z||; = inf{||y|| : vy € E,y > |z|}, where |z| = 2 V (—z), which is the
supremum of z and its additive inverse —z. Then, (E*, | - ||;) is a normed
lattice.

2. Suppose T is an order-bounded operator from E to a Dedekind complete
normed lattice F. We can define a linear extension T% : E* — F of T to
E! as follows:

For any = € E*, we define T'(z) = sup{T'(y) : y € E,y < x}, where the
supremum is taken in F. Then, T? is well-defined and order-bounded.

3. Moreover, T is the unique linear extension of T' from E* to F in the sense
that if S : E* — F is any extension of T using the same method, then
Tt = 8.

If certain lattice and topological properties hold for T' € L,(E, F'), then
Tt € Ly(E?, F) will also preserve these properties.

To state our result, we need to fix some notation and recall some definitions. A
Banach lattice E has order continuous norm if ||z,|| — 0 for every decreasing
net (4)q with inf, 2, = 0. A Banach lattice E is said to be an AL-space
if we have ||z 4+ y|| = ||lz|]| + |ly|| for each x,y € E such that |z| A |y| = 0.
A Banach lattice E is said to be K B-space whenever each increasing norm
bounded sequence of E* is norm convergent. A Riesz space that is at the same
time Dedekind complete and laterally complete is referred to as a universally
complete Riesz space. Let E and F be Riesz spaces. An operator T': £ — F
is said to be order bounded if it maps each order bounded subset of F into
order bounded subset of F'. The collection of all order bounded operators
from a Riesz space E into a Riesz space F' will be denoted by Ly(E, F). A
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linear operator between two Riesz spaces is order continuous (resp. o-order
continuous) if it maps order null nets (resp. sequences) to order null nets (resp.
sequences). The collection of all order continuous (resp. o-order continuous)
linear operators from vector lattice E into vector lattice F' will be denoted by
L, (E,F) (resp. L(E, F)).

A Dedekind complete vector lattice G is said to be a Dedekind completion
of the vector lattice E whenever E is lattice isomorphism to a majorizing
order dense sublattice of G. A subset A of a vector lattice E is said to be
order closed whenever (z,), C A and z, 2 zin E imply z € A. A lattice
norm ||.|| on a vector lattice F is said to be a Fatou norm (or that ||.|| satisfies
the Fatou property) if 0 < x, 1 = in E implies ||z4]| T ||z||. o-Fatou norm
has similar definition. An operator T': E — FE on a vector lattice is said to
be band preserving whenever T leaves all bands of E invariant, i.e., whenever
T(B) C B holds for each band B of E. An operator T : E — F between two
vector lattices is said to be preserve disjointness whenever x 1 y in F implies
Tz L Ty in F. For a normed lattice E, E’ is the its order dual and o(FE, E’)
is the weak topology for E. For unexplained terminology and facts on Banach
lattices and positive operators, we refer the reader to [1,2].

2 An extension of the norms

Let E be an Archimedean vector lattice. Then there exists a Dedekind com-
plete vector lattice E? that contains a majorizing, order dense vector subspace
that is Riesz isomorphic to E, which we will identify as E. E° is called the
Dedekind completion of E. Throughout this manuscript, we assume that the
vector lattices under consideration are Archimedean. Let E and G be a normed
lattice and a vector lattice, respectively, such that F is order dense and ma-
jorizing in G. The universal completion of a vector lattice E will be denoted by
E*. According to [[1], Theorem 7.21], every Archimedean vector lattice has a
unique universal completion. In all parts of this manuscript, we assume that E
is g-order dense and majorizing in G. Throughout this paper, (E, ||-||) denotes
a normed space that serves as a vector sublattice of G.

Theorem 1 For each x € G, let p(z) = sup{||z|| : 2z < |z|, 2 € ET}. Then
p(x) is a norm on G, and moreover, (G, p(x)) is a normed lattice.

Proof Tt is clear that p(z) = 0 if and only if z = 0, and p(Ax) = |\|p(x) for
each real number A and 2 € G. Now we prove that p(z +y) < p(x) + p(y)
whenever z,y € G.

Let z,y € G. Fix 2 € E* such that z < |z + y|. By Riesz Decomposition
property, [[1], Theorem 1.10], there are z1, zo € G such that |z1] < |z], |22| < |y
and z = z; + 2. Since E is order dense in G, there are wy,ws € ET such that
|z1| < wy < |z] and |z2| < wy < |y|. It follows that

z =121+ 22 < |z1| + |22] S w1+ w2 < |z|+ |yl
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Then we have
[[2]] < [lwr + w2 < [lwi]| + [[wall < p(2) + p(y).

Consequently, we have sup{||z| : z<|z+y| and z € E*} < p(x) + p(y),
which implies that p(x + y) < p(x) + p(y).

For a normed lattice (E, ||.||), assume that E” is the set of all € G such that
satisfies in the following equality,

p(x) = mf{[ly| : [z[ <y, ye ET} (1)
—sup{ll2]l: = <|al, 2 € B+}, 2)

Then E is subspace of Ef and p is a real function from E* into [0, +00) and
satisfies in the following properties:

1. plx)=0iff x =0
2. p(Az) = Ap(z) for each A € RT and z € E”.
3. plz+y) < p(x) + p(y), for x,y € EP.

(E®,p) is an extension of (F, || -||), meaning that E is a sublattice of E® and
|z]| = p(x) for all x € E.

To see why this is true, note that by Theorem 1, we can extend the norm on
E to a complete lattice norm p on E”, such that ||z|| = p(x) for all x € E.
Therefore, (E*, p) is indeed an extension of (E, || - |]).

An example that illustrates this point is as follows.

Ezxample 1 Let ¢ be the collection of all real number sequences which are
convergence in R with £*°-norm. It is obvious that c is order dense majorizing
of £*°. By easy calculation, we can prove that ¢” = £°°.

Definition 1 Assume that E C E?! is a vector sublattice of G in which every
element of E! satisfies the equalities (1) and (2), we can define a new norm in
E? called the t-norm, denoted by ||z||; = p(z).

It is evident that (E?, ||.||¢) is a normed lattice. However, E? is not necessarily
unique, and in general, we have E C E! C G. The objective of this manuscript
is to identify vector lattices E! that are distinct from E. Therefore, in this
manuscript, F is a proper sublattice of E*.
In Theorem 2, we will demonstrate that E* = G whenever E is a Dedekind
complete or has an order-continuous norm.

Theorem 2 By one of the following conditions, the equality (1) holds for each
x € G, that is, E* = G, (G, ||.||+) is normed lattice and |ly| = ||y|l+ for each
y e L.

i) E is a Dedekind complete.
it) E has order continuous norm.
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Proof i) According to Theorem 1, the function

ii)

p(z) =sup{|lz| : 2 < |a|, z € ET},
defines a norm for the vector lattice G. By contradiction, assume that
pla) <inf{llyl: |2| <y, ye BT}

Let A={y € ET: |z| < y}. Since E is order dense in G, A is bounded
below, and so A has infimum in F, by Dedekind completeness of E. Take
inf A = yo where yo € E. It is clear that yo < |z| and p(z) < ||lyo|. Then
llyoll = p(yo) = p(x). Let the natural number n be enough large such that

() < lvoll + —lloll < i {llgl = o] < v, y € B¥).
Put zo = (1 + %)yo. Consequently we have zy € A, then
inf{[ly : |z[ <y, y € ET} < |lzoll;
which is impossible.
First we show that
inf{|[yll : |z| <y, y € E} =sup{llz[|: z <[z, z € E},
holds whenever x € G. Set
A={z<|z|: z€ ET},

and
B={y>lal: ye E}.

Since E is order dense and majorizing of G, it follows that A and B are
not empty and they are directed sets. We consider the set A as a net {24},
where z, = «a for each a € A. In the same way we consider B = {yz},
and by using [[2], Theorem 1.34], we write z, 1 |z| and yg | |z|. Since
za < |z| < yg for each o and g, it follows that yz — 24 | 0, and so

0 < llyll = llzall < llys = zall = 0.

It follows that |z||; = inf ||ys|| = sup ||za]||. Obviously that ||.||; is a norm
for G and (G, |.||+) is a normed lattice.

In Example 1, we note that ¢ is neither Dedekind complete nor equipped with
an order-continuous norm, yet we observe that ¢! = ¢>°. However, Theorem
2 provides justification for extending the norm of E to a vector lattice E! in
various other cases.

It is also important to determine when (E*)! = E*. In the following exam-

ple, we demonstrate that E? exists whenever E satisfies the Fatou property. It
is worth noting that according to Example 4.3 and 4.4 from [1], every normed
lattice with the Fatou property, in a general sense, is neither order-continuous
nor Dedekind complete.
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Ezample 2 By [[1], Theorem 4.12], if (E, ||.||) satisfies the Fatou property, the
Dedekind completion of E, E° is a normed space with § — norm. Let E be the
vector lattice of all real-valued functions defined on an infinite set X whose
range is finite, with the pointwise ordering and satisfies the Fatou property. It
can be seen that E is not Dedekind complete and E° = ¢>°(X).

We now present an important lemma that plays a crucial role throughout this
manuscript.

Lemma 1 Let E has order continuous norm. For each 0 < x € E, there are

sequences {x,} C E1 and {y,} C E* such that v, Tz, z, M Z, Yn 4 T and

Yn ll-11¢ .

Proof Choose {r,} C R* and {z,,} C E™ satisfies in the following conditions:

1. r, 10,
2. zp€{z€FE: z<zand |z -zl <rn}, for eachn €N,
3.z, T

The justification for the above statement is as follows:
By [[2], Theorem 1.34], set

A:{zgx: Z€E+}:{ZG}7

and
B={yzxz: yeE}={ys},
such that z, Tz and yg | . Then z, < 2 < yg holds for each o and 8. Thus

lz = yslle, [z = 2alle < llza = yslle = [[2a — ysll = 0.
Let 0 < r; € R. Then there exist
znef{zeA: ||lz—2z| <m},

and
0 <7y <min{ry, ||z1 — |}

We choose zg, 23,...,2p and 2,11 € {z € A1 ||@ — 2|+ <} where
0 <71y <min{r,_1, ||zn—1 — |}
We define z,, = V], z;. Now, if z,, < w < « for each n € N, then
O0<z—w<zrz—2, <x— 2.
It follows that
[z —wlle <l —znlle < flz =20l <7n L0

Thus 2 = w, and so sup x,, = . Therefore z,, T z and ||z, — || — 0.
The existence of {y,} follows the same argument.
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Theorem 3 Suppose E is a normed lattice. If E is a K B-space or an AL-
space, then Et is also a KB-space or an AL-space, respectively.

Proof Assume that {z,,} C (E')" is increasing sequence such that
sup || |le < 4o0.

By using Lemma 1, for each n € N, there is increasing sequences
{Zn.m}m C ET,

such that <, p T Tn and ||z, — Zpm e 25 0. Take y, = \/Zj:1 z; ;. It follows
that 0 < y,, T and sup ||y, | < sup;, ; ||z ;]| < sup||lz,| < +oo. Since E is a
K B-space, it follows that there exists € E such that ||y, — x|l — 0. On the
other hand, the inequalities v, < z,, < z implies that ||z, — z||; < ||yn — x|
for each n € N. It follows that ||z, — z||; — 0 holds in E*. Now, if E is an
AL—space, then E has order continuous norm. Now, let 0 < z,y € E! with
x Ay = 0. By using Lemma 1, there are {z,,} and {y, } in E* such that z,, 1 z,
Yn T Y, |t—2zn||t = 0 and ||y —yn||: — 0. It follows that 0 < x, Ay, T Ay =0
implies that =, Ay, = 0 for each n € N. Hence

zn + yull = llzall + llynll;
for each n € N. Then

e+ plle = lim [z + | = Y | + Vm lgl) = flz e + e

Consequently, E? is an AL—space.

Theorem 4 For a normed lattice E with order continuous norm, we have the
following assertions

1. If E is a norm completion of E, then Et C E = E*, and if E is norm
complete, then E' = E* = E.

2. For each x € E' and A C E with sup A = x, we have ||z||; = sup,c 4 ||2||-

3. For each x € E' and A C E with inf A = x, we have ||z|; = inf,c | z]|.

4. (B ||.llt) has Fatou property and Bg: = {x € E' : |z|; < 1} is order
closed.

5. If E is an ideal in E*, then E = E*.

Proof 1. According to [[1], Theorem 2.40], (E, HA||) is a normed lattice, where
HA|| is the unique extension of the norm from E to E. Let « € E*. Then by
Lemma 1, there exists {x,,} in ET such that x,, Tz and ||z* —z,]|; — 0.
Thus {z,} is a norm Cauchy sequence in E, and so convergence in E.
It follows that z+ € E. In the similar way z~ € E, which implies that
x € E. Now by Theorem 7.51 of [1], we conclude that E* C E = E* and
I.ll: = |Il. On the other hand if E is norm complete, it is obvious that
E'=E"=Eand || =|l.= I
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2. By [[1], Theorem 7.54], E* has order continuous norm. Since by part (1),
we have Et C E*, it follows that E! has order continuous norm. Consider
A = (z,) with sup A = . It follows that @ — z, | 0 which implies that
|z — ||t = 0. Then by using inequalities 0 < ||z||; — ||za|| < ||& — zallt,
we have sup,, ||za| = ||z

3. The proof follows a similar argument as that of (2).

4. By [[1], Lemma 4.2], (E,||.||) has Fatou property. The proof of the first
statement follows a similar argument to that of Theorem 3(1), and we
omit the details. The second part follows by [[1], Theorem 4.6].

5. The proof follows by [[1], Theorem 3.8].

Note that a linear subspace E of a partially ordered vector space G is said to
be order dense if x = inf{y € F: z <y} for every x € G. Based on our earlier
discussion, we can pose the following question:

Problem 1 If E! is a partially ordered vector space and E is order dense and
majorizing in E*, is there a norm extension from (E, || - ||) to E'?

3 The extension of order bounded operators

In this section, we explore the extension properties of order-bounded operators.
Specifically, we consider T' to be an order-bounded operator from a normed
lattice E into a Dedekind complete normed lattice F', and we aim to introduce
an operator T from E? to F as an extension of T'. We investigate various lattice
and topological properties of T that hold when these properties are satisfied by
T'. Our analysis provides insights into the behavior of order-bounded operators
under extensions of normed lattices, which has important applications in the
positive operators studying and related fields.

Theorem 5 Let T be an order bounded operator from normed lattice E into
Dedekind complete normed lattice F'. We have the following assertions.

1. There exists an extension order bounded operator T from E! into F sat-
isfying T (y) = Ty for each y € E.

2. For each positive continuous operator T, we have ||T|| = ||T*||, and if T is
norm continuous, then so is T*¢.

3. |T|t=T.

4. For each T, S € Ly(E, F), we have (T v S)t =T v St.

5. If S : E' — F is an order bounded and norm continuous operator, then
T =8S.

6. Each order interval of E' is o(E?, (E!)")-compact.

Proof 1. Since T is an order bounded operator and F' Dedekind complete, we
have T'= T —T~. So first we assume that T is a positive operator from FE
into F'. According to [[2], Theorem 1.32], the mapping p : E* — F defined
via the formula

p(x) =inf{Ty: ye E, x <y}, € E"
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is a monotone sublinear and Ty = p(y) for each y € E. So by [[3], Theorem
1.5.7], there is an extension T* from E* into F satisfying Tz < p(x™) for
allz € B, and Tty = Ty for all y € E. Now we define T = (T+)* — (T7)},
and so for all y € E, we have

T'y = (T%)(y) = (T7)(y) =T y - T y="Ty.
2. Assume that T is a positive operator and z € E‘ According part (1),

we have Ttz < p(z™) < Ty for all y € E such that y > 2%, and so
|Ttx|| < ||Ty| for all y € E such that y > 2. It follows that

17| < ||| inf [lyl < TNl < [T,
y>xt

Then ||T|| < ||T|. Since Bg C Bgt, follows that ||T| < ||T?|. Thus
|7 = ||T"||, and proof follows.

3. In this part, we assume that x,y,z are members of E and z¢,y!, 2z are
members of E! when there is not any confused. Now let 2t > 0. Since E is
order dense in E*, we have the following equalities

(1" (a") = sup T'y'
0<yt <at
= sup sup Tz
0<yt <zt 0<z<y?

= sup Ty
0<y<az?

= sup sup Ty
0<z<zt 0<y<z

sup T7z
0<z<z?

= (TH) ().

Similarly, we have (T%) (z') = (T"")%(a?) for all ' > 0. It is obvious that
for each z' € E', we have (T*) 2t = (TT)t(z?) and (T%) "zt = (T~)!(x?).
Thus

T = (T +T7) =(T") +(T7) = (T)" +(T")" =|T"|.

4. By using the equality TV S = $(T' + S + |T — S|) and part (3), proof
follows.

5. First let 0 < z € E'. By Lemma 1, there exists {z,} in ET such that
z, T o7 and ||zt — z,]|; — 0. Since S*z, 1 and ||zT — z,|| — 0, follows
that STz, T STz, We have T = S| (restriction of S on E), which follows
that T— = S~ |gand T = S*|g . Obviously (T7)! = S~ and (T1)" = ST,
and so by part (3), we have the following equalities

S=8" -8 =T - (T ) =TH"-(T") =T"
Thus S = T! on E~ and E*, which follows that
Sy =Szt — Sz~ =T'a" —T'a™ =T'z,

for each z € E*.
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6.

Consider a,b € (E")* and a < b. By Lemma 1, take {z,,} and {y,} in E™
such that x, 1 a, yn | b, |la — x,||: — 0 and ||y, — b||y — 0. Since E has
order continuous norm, [z,,y,] N E is o(F, E')-compact subset of E for
each n € N. It follows that [a,b]NE is o(E, E’)-compact subset of E. Now,
if we set

V={seFE: 2/(s)<rand a2’ € E'},
then by using part (5), the order density of V is
Vi={se E': (2/)'(s) <rand (z/) € (E")'}.

It is obvious that V C V*, and so o(E,E’) C o(E", (E")). Since [a,b] N E
is order dense in [a, b], follows that [a,b] is o(E?, (E!)")-compact subset of
Et.

In the following, we examine some properties of the operator T, and we demon-
strate that T preserves certain lattice and topological properties when these
properties hold for 7.

Theorem 6 Let 0 < T € L, (E, F). Then we have the following assertions

1.
2.

3.

If0 <z < E' and {zo} C E* with x, | x, then Tx, | T'x.

If T(x ANy) = Tax ATy for each 0 < z,y € E, then T® is a lattice homo-
morphism from E* into F and moreover T € L, (E', F).

If0<T:E — E is a band-preserving operator, then T? : E* — E* is also
band-preserving.

If T : E — F is an order bounded operator that preserves disjointness, then
Tt : B — F also preserves disjointness.

Suppose E has an order continuous norm. Then {Tx,} is norm convergent
in F for every positive increasing norm-bounded sequence {z,} in E if and
only if {Ttz,} is norm convergent in F for every positive increasing t-
norm-bounded sequence {x,} in E.

Proof 1. Let {zo} C E* such that x, | . If y € ET such that z < y, then

yV x, | y holds in F, and so by order continuity of 7' : £ — F and
Theorem 4 (3), we see that

Ty =inf{T(z, Vy)} <inf Tz, < T'x.

This easily implies that Tz, | T z.

Assume that 0 < x,y € E*. We prove that T (z Ay) = Tz A T'y. By [[2],
Theorem 1.34], there are {z,} and {yg} of E™ such that z, | z and ys | y.
It follows that z, Ayg |  Ay. Then by order continuity of 7' : E — F' and
Theorem 4 (3), we have the following equalities,

Tz Ay) =inf{T(za Ayp)} = inf{T(x,) AT (yp)}
= inf{T(zs)} Ninf{T(yp)} = Ttz A T"y.
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By combining Theorem 1.10 and Theorem 2.14 from [2] with Theorem
3, we can conclude that the mapping T : (E')* — (F')* has a unique
extension T : (E') — (F'), which is a lattice homomorphism. Now, we
will show that T € £, (E*, F). Let {z,} C (E")* be such that z, | 0. Put

A={y € ET: Ja such that z, <y}

Since F majorizes EY, it follows that A is not empty. By using Theorem
5 since T is positive, T is positive. Thus inf T(A) > inf Tz, > 0 holds
in F. Since Al 0and T € L,(E, F), it follows that inf T(A) = 0, and so
Ttxq 1 0.

Let x,y € E' satisfying |x| A |y| = 0. Assume that (z,), (ys) € E* such
that z4 1 |z| and yg 1 |y|. It follows that (xo Ayg) T |x| A Jy| = 0, and so
o ANYp =0, by [[2], Theorem 2.36], follows that |T'z,| Ayg = 0 for each «
and f. Since |T'zo| Ayg T |Tz| Aly|, we have |[Tz| L |y|, and so by another
using [[2], Theorem 2.36], proof follows.

Let z,y € E' satisfying L y. Assume that (z,),(ys) € ET such that
Zo T |z and yg 1 |y|. It follows that (x4 Ayg) T |x| Aly| = 0. Now since
T preserve disjointness, follows that Tz, L T'zg. From our hypothesis, we
have Two A Txg T T x| A T*|y| which follows that T*|z| A T"|y| = 0. Since
|T x| A |Tty| < T x| ATty|, we have Tz L Tty.

. Since T = T+ — T, without loss generality, we assume that T is a pos-

itive operator. Assume that {z,} C (E')" is increasing sequence with
sup ||z, ll: < +00. By using Lemma 1, for each n € N, there are positive
increasing sequences {Zn m }m With T, m T T and ||z, — Tpmlle — 0.
Take vy, = \/?j=1 z; ;. It follows that 0 < y,, T and
sup [[yn| < sup [z ;]| < sup ||z < +oc.
0.

By assumption there is s* € F such that ||Ty, — s*|| — 0. Then by using
[[2], Theorem 2.46], Ty, 1 s*. By Theorem 5, we know that 7" is norm
continuous from E* into F. It follows that || Tz, — Ty m| — 0 holds in
F. The inequality Ty, < Ty, < T'x,, implies that

| T 2, — s*|| < | Ty, — T m|| for each n,m € N.
Then
IT 20 — || < T2 — Tynl + | Tyn — s*[| = 0.

Thus Tz, — s*, and the proof follows.
The converse is straightforward.
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